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We show that a slab of a three-dimensional inversion-symmetric higher-order topological insulator
(HOTI) in class A is a 2D Chern insulator, and that in class AII is a 2D Z2 topological insulator. We
prove it by considering a process of cutting the three-dimensional inversion-symmetric HOTI along
a plane, and study the spectral flow in the cutting process. We show that the Z4 indicators, which
characterize three-dimensional inversion-symmetric HOTIs in classes A and AII, are directly related
to the Z2 indicators for the corresponding two-dimensional slabs with inversion symmetry, i.e. the
Chern number parity and the Z2 topological invariant, for classes A and AII respectively. The
existence of the gapless hinge states is understood from the conventional bulk-edge correspondence
between the slab system and its edge states. Moreover, we also show that the spectral-flow analysis
leads to another proof of the bulk-edge correspondence in one- and two-dimensional inversion-
symmetric insulators.
I. INTRODUCTION
Bulk-edge correspondence is one of the key concepts
in the field of a topological insulator (TI)1,2, which as-
sociates the nontrivial topology of the bulk wave func-
tions with existence of anomalous surface states. In the
quantum Hall insulator (QHI), which is characterized by
the bulk Chern number3, chiral edge modes appear at
the edges of the system4,5. In the quantum spin Hall
insulator6–8, which is the time-reversal-symmetric coun-
terpart of the QHI and characterized by the Z2 topolog-
ical invariant, helical edge modes appear at the edges of
the system.
In inversion-symmetric insulators, inversion parities at
time-reversal-invariant momenta (TRIM) are topological
invariants. When they take nontrivial values, the in-
sulator shows unusual properties at the edges. In one-
dimensional centrosymmetric insulators, the Zak phase
is quantized, and its value is evaluated from the in-
version parities9. As the Zak phase is proportional
to polarization, in the system with the nonzero Zak
phase, fractional surface charges appear at the end of
the system10–12. In two-dimensional centrosymmetric in-
sulators, the Chern number parity is evaluated from the
inversion parities13–15. When the Chern number parity
is odd, an odd number of chiral edge modes appear at
the edges of the system.
In recent years, a new class of a TI, called higher-order
topological insulator (HOTI)16–41, has been proposed. A
three-dimensional HOTI is insulating both in the bulk
and in the surface. However, it has one-dimensional
anomalous gapless states at the hinges, which are inter-
sections of two surfaces. The correspondence between the
bulk topology and the anomalous gapless states at the
hinges is called bulk-hinge correspondence, which is an
extension of the conventional bulk-edge correspondence.
To the best of our knowledge, in the previ-
ous studies, explanations of bulk-hinge correspon-
dence are roughly classified into two: (i) k · p
theory approach22–24,31–33,35,37,40,41, and (ii) Wannier
approach24,25,36,40. In (i), one starts from the surface
Dirac Hamiltonian, which represents anomalous gap-
less surface states as a low-energy effective Hamilto-
nian for the surface. By adding a symmetry-respecting
mass term, the surface energy spectrum becomes gapped.
However, on the surface of the HOTI, the sign of the mass
term depends on the surface direction. Therefore, at the
hinge, shared by two surfaces with opposite signs of the
mass terms, the mass term is zero. It means that the
hinge states remain gapless. In (ii), we consider the two
two-dimensional high-symmetry subspaces (e.g. kz = 0
and kz = pi) in the three-dimensional k-space as pseudo
two-dimensional systems, and calculate the Wannier cen-
ters (WCs) for the states in these subspaces. If excess
corner charges at the two subspaces calculated from the
WCs are different, there exist hinge states which com-
pensate for the difference of the corner charges.
Both approaches have some drawbacks. Both of them
are proofs only for special models, and it is not clear
whether they can be applied to general systems. First,
the k · p theory approach cannot be applied to systems
whose surfaces are not described by the Dirac model.
Therefore, one cannot conclude existence of hinge states
for general systems from this argument. Second, in the
WC approach, the exact value of the excess corner charge
is concluded only in the case of completely localized Wan-
nier states, which have no hopping terms. Therefore, in
order to complete the proof, it is necessary to relate the
value of the excess corner charge with topological invari-
ants for general systems.
In this paper, we introduce another approach, which is
applicable to more general tight-binding models with in-
version symmetry. We introduce an open boundary to a
3D inversion-symmetric HOTI via cutting procedure42.
In this process, the boundary condition continuously
changes from the periodic one to the open one, while
maintaining inversion symmetry. By examining the spec-
tral flow in the cutting process, we obtain restrictions
ar
X
iv
:1
91
0.
08
29
0v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
18
 O
ct 
20
19
2on the inversion parities of the resulting 2D slab sys-
tem. Thus, in this paper, we show that the Z4 indicator
µ1, which characterizes 3D inversion-symmetric HOTIs
in class A, is directly related to the Chern number parity
of the resulting 2D slab system in class A. Likewise, we
also show that the Z4 indicator κ1, which characterizes
3D inversion-symmetric HOTIs in class AII, is directly
related to the Z2 topological invariant of the resulting
2D slab system in class AII. If we cut the 3D HOTI via
the cutting procedure, the corresponding 2D topologi-
cal invariant of the resulting 2D system always takes a
nonzero value, as we show in this paper. Due to the
conventional bulk-edge correspondence, the resulting 2D
system has an odd number of anomalous edge modes at
the edges. Since the edges of the resulting 2D system are
nothing but the hinges of the original 3D system, this
gives a proof of the bulk-hinge correspondence.
Moreover, we apply the same approach to one- and
two-dimensional inversion-symmetric topological insula-
tors. As a result, we obtain another proof of bulk-edge
correspondence. In the previous papers, inversion par-
ities are related to bulk topological invariants, such as
the Zak phase and the Chern number parity. In our ap-
proach, inversion parities are directly related to unusual
surface properties, such as the fractional end charge and
the chiral edge modes.
We note that, in this paper, we consider a process of
cutting the three-dimensional HOTI along a plane. In
another paper, we consider a process of cutting the three-
dimensional HOTI along two planes43. In the paper, we
discuss allowed positions of the hinge states, which is
determined only if we consider a cutting along two planes.
Thus, different cutting procedure reveal different aspects
of hinge states.
This paper is organized as follows. In Sec. II, we intro-
duce the cutting procedure and study the spectral flow in
the cutting process. As a result, we obtain another proof
of bulk-edge correspondence in a 1D inversion-symmetric
topological insulator. In Sec. III, by using the result of
Sec. II, we show another proof of the famous relation be-
tween the number of chiral edge modes and the inversion
parities at time-reversal-invariant momenta (TRIM). In
Sec. IV, we show that µ1, the indicator of 3D inversion-
symmetric HOTI, is directly connected to the 2D indica-
tor, i.e. Chern number parity. In Sec. V, we generalize
the results of Sec. II-IV to time-reversal symmetric sys-
tems, i.e. class AII systems, and show that κ1 is directly
connected to the Z2 topological invariant. Conclusion
are given in Section VI.
II. BULK-EDGE CORRESPONDENCE IN 1D
CLASS A
We start with a noninteracting centrosymmetric sys-
tem on a one-dimensional lattice with periodic bound-
ary conditions. In such a system, n±(Γj), the number
of occupied states with even (+) and odd (−) parities
FIG. 1. (Color online) Conceptual figure of a one-dimensional
inversion-symmetric insulator cut at the boundary. When
λ = 1, the system is periodic, and when λ = 0 the system is
open. When λ = −1, the system is anti-periodic.
at a TRIM Γj are topological invariants. Particularly
for insulators, their sum is equal to the number of oc-
cupied bands ν, i.e. n+(Γj) + n−(Γj) = ν (∀Γj). In
one-dimensional systems, there are two TRIM, k1 = 0, pi,
where k1 is the momentum. Therefore, in an inversion-
symmetric insulator, we have three independent topologi-
cal numbers (ν, n−(0), n−(pi)). If one of these numbers is
different between two insulators, they are topologically
different in that they cannot be continuously deformed
to each other without gap closing or breaking inversion
symmetry.
Here, we briefly discuss a choice of the unit cell and
the inversion center. We take the unit cell to be invari-
ant under the inversion operation. Then, there are two
inequivalent inversion centers for the unit cell; one is at
the center of the unit cell and the other at the boundary
of the unit cell, and they are displaced by a half of the
primitive lattice vector. In this section, we assume that
the number of unit cells, L, is odd, and we choose the
inversion center to be the center of the unit cell. As we
explain later in Appendix B, when L is even, we should
change the choice of the inversion center. We also note
that our unit-cell choice cannot be applied to some mod-
els, as we explain at the end of this section.
In this section, we show that for a centrosymmetric
one-dimensional system with an open boundary condi-
tion, when n−(0) − n−(pi) = 1 (mod 2), the number of
occupied states (Nopen) have a different parity from that
of bulk (Nbulk), i.e. Nopen = Nbulk + 1 (mod 2). More
precisely, we show the following relation:
Nopen = Nbulk + n−(0)− n−(pi) (mod 2). (1)
As we will mention later, this result is closely related to
a fractional end charge.
A. General proof
Here, we assume that no atomic site is located at the
unit-cell boundary. We set the system size to be L|a|,
where a is the primitive lattice vector. For simplicity,
let L be an odd integer, that is, L = 2M + 1 with an
integer M . The case of even L is discussed in Appendix
B. For each unit cell, we associate a lattice site with the
3FIG. 2. (Color online) Two examples of the bulk energy levels
at λ = ±1. All of the states except for those at TRIM are
paired by inversion operation. (a) For λ = +1, the state at
k1 = 0 is not paired. (b) For λ = −1, the state at k1 = pi is
not paired.
middle of the unit cell. Let x1 be the coordinate along
the 1D system, with x1 = −M,−M + 1, · · · ,M − 1,M
being the lattice sites for the tight-binding model. We
first begin with a periodic chain, by connecting between
the unit cells at the two sites x = ±M . Next, in the
following way, we introduce a cutting procedure, which
is used in appendix of Ref. [42] for class AII systems. We
replace the hopping amplitudes tj for all the bonds that
cross the boundary between x1 = −M and x1 = M by
λtj , where λ is real. We note that if λ = 1 the system
is periodic in x1, and if λ = 0 the system is open in
the x1 direction. Figure 1 is a conceptual figure of the
one-dimensional inversion-symmetric insulator cut at the
boundary. For any real values of λ, inversion symmetry is
always preserved. Let N−(+) be the number of occupied
states with odd (even) parity; these values depend on λ.
First of all, we show that the value of N− is evaluated
from n−(Γj) for some specific values of λ.
First, we consider the case of λ = 1, when the system
is periodic in x1. In this case, the Bloch wave number k1
takes the following values:
k1 =
2pi
L
m1 (−M ≤ m1 ≤M, M : integer). (2)
Because L (= 2M + 1) is an odd number, k1 is a TRIM
if and only if k1 = 0, as shown in Fig. 2(a). For other
values of k1 = k∗(6= 0), the inversion operation changes
k∗ to −k∗. One can construct eigenstates of the inversion
operator P with eigenvalues +1 and −1 from ψm(k∗) and
ψm(−k∗) as 1√2 (ψm(k∗) ± Pψm(k∗)), where ψm(k) is a
Bloch eigenstate and Pψm(k∗) ∝ ψm(−k∗). Therefore,
each pair (k∗,−k∗) contributes 1 to N−. For an insu-
lating system, the total number of non-TRIM pairs is
evaluated as (L− 1)ν/2, where ν is the number of occu-
pied bands. Therefore, when λ = 1, N− can be expressed
as follows:
N−|λ=1 = (L− 1)ν
2
+ n−(0). (3)
Next, we consider the case of λ = −1, when the sys-
tem is anti-periodic in x1. In this case, by performing
a unitary transformation U1 = exp[ipixˆ1/L], where xˆ1 is
the position operator, the periodicity in the x1 direction
can be restored, but the Bloch wave vector is shifted as
k1 → k1 + pi/L (see Appendix A). Then k1 takes the
following values:
k1 =
2pi
L
m1 +
pi
L
, (−M ≤ m1 ≤M). (4)
Now, as shown in Fig. 2(b), k1 is a TRIM if and only if
k1 = pi. Therefore,
N−|λ=−1 = (L− 1)ν
2
+ n−(pi). (5)
Next, we follow the change in N− through the change
of λ from 1 to −1. From Eqs. (3) and (5), the total
change in N− is evaluated from n−:
N−|λ=1 −N−|λ=−1 = n−(0)− n−(pi). (6)
We consider the energy spectrum in the process of chang-
ing λ. In this process, the Hamiltonian changes only at
the boundary. Therefore, only the boundary localized
states have strong λ dependence. We can show that,
for sufficiently large L, the energy spectrum is symmet-
ric with respect to the transformation λ ↔ −λ, and the
bound states |ψl(λ)〉 and |ψl(−λ)〉 have opposite parities
(see Appendix B). This means that the following relation
holds (double sign in the same order):
[N±]λ=1λ=0 = [N∓]
λ=−1
λ=0 . (7)
Here, we used the following notation: [X]λ=bλ=a
def
= X|λ=b−
X|λ=a. By using Eqs. (6) and (7), the difference between
Nbulk ≡ N |λ=1 and Nopen ≡ N |λ=0 is evaluated as fol-
lows:
[N ]λ=1λ=0 = [N+]
λ=1
λ=0 + [N−]
λ=1
λ=0
= [N−]λ=−1λ=0 + [N−]
λ=1
λ=0
= [N−]λ=−1λ=1 + 2[N−]
λ=1
λ=0. (8)
Therefore, we get
N |λ=0 = N |λ=1 + n−(0)− n−(pi) + 2[N−]λ=0λ=1. (9)
Equation (1) is derived by taking modulo 2 on both sides
of the Eq. (9).
Here, we explain the relation of this result and the frac-
tional end charge. From Eq. (1), when n−(0)−n−(pi) ≡ 1
(mod 2), through the change from λ = 1 to λ = 0, the
number of occupied states changes by an odd number.
Since the Hamiltonian is changed only at the boundary,
newly occupied states are localized at the boundary, and
it causes total excess charges (2m + 1)e (m: integer) at
the two ends of the system. If we assume that the system
preserves inversion symmetry, the excess charges should
be divided equally to the two ends. Therefore, each end
have a fractional excess charge (m+ 12 )e.
4FIG. 3. (Color online) Four representative examples of the
spectral flow for the change of λ.Red and blue lines, which
are marked with + and −, represent bound states with even
and odd parity, respectively. The shaded areas represent the
bulk energy spectra. The number of occupied states with odd
parity at TRIM, (n−(0), n−(pi)), is (a-b) (1,0) (c) (0, 0) and
(d) (2, 0). In (a-b), Nopen, the number of states below the
Fermi energy EF at λ = 0, is one less or more than that of
the bulk, Nbulk. In (c-d), Nopen and Nbulk are equal.
B. Illustrative examples
Here, we illustrate how the spectrum changes through
the change of λ for three examples: (i) (n−(0), n−(pi)) =
(1, 0), (ii) (0, 0) and (iii) (2, 0). By considering the spec-
tral flow, we can visualize how Eq. (9) is satisfied. In
the case (i), when λ is changed from +1 to −1, one state
with odd parity crosses the Fermi energy EF from below,
and one state with even parity crosses EF from above.
Furthermore, the energy spectrum is symmetric with re-
spect to the transformation λ ↔ −λ, and the bound
states |ψl(λ)〉 and |ψl(−λ)〉 have opposite parities (see
Appendix B). Figures 3(a,b) show two representative ex-
amples of the energy spectra which satisfy these require-
ments. In Fig. 3(a), the number of occupied states is
one less than that of the bulk, i.e. Nopen = Nbulk − 1.
In Fig. 3(b), the number of occupied states is one more
than that of the bulk, i.e. Nopen = Nbulk + 1. In both
cases Nopen have different parity from that of Nbulk. In
the case (ii) (n−(0), n−(pi)) = (0, 0), the total change in
N− is equal to 0. Figure 3(c) shows an example of the
energy spectrum. In Fig. 3(c), there is no state which
crosses EF , and Nopen = Nbulk. Finally, we consider
case (iii) (n−(0), n−(pi)) = (2, 0). In this case, when λ is
changed from +1 to −1, two odd- (even-) parity states
cross EF from below (above). One of the examples is
shown in Fig. 3(d), and Nopen is equal to that of the
bulk. In both cases (ii) and (iii), Nopen have the same
parity with that of Nbulk.
FIG. 4. (Color online) Examples of the chains which cannot
be treated within our scenario with (a-1,2) open boundary
conditions, and (b) periodic boundary conditions. Colored
balls represent the atomic sites. The red balls and the blue
balls are located at distinct inversion centers. (a-1) is obtained
by cutting the periodic chain in (b), not at an inversion center.
(a-2) cannot be constructed from the periodic chain in (b),
because the number of red balls and that of blue balls are
different in (a-2).
FIG. 5. (Color online) Examples of unit cells. The circles
represent atoms. The unit cells of (a-1) and (c-2), (b-1) and
(b-2) corresponds to the same periodic system, respectively.
The unit cells satisfy the assumption (i) except for (b-2). Only
the unit cells (a-1) and (b-2) satisfy the assumption (ii).
C. Assumptions on the unit-cell choice
In our theory, we begin with a periodic chain consisting
of an integer number of unit cells, and cut the chain at
an inversion center. From this construction, we see that
not every open chain can be treated within our theory.
For example, the open chain in Fig. 4(a-1), where blue
and red balls represent different atoms, is outside of our
theory because the chain is cut not at an inversion center.
The open chain in Fig. 4(a-2) is also outside of our theory
because it cannot be constructed from a periodic chain.
Therefore, the periodic chain Fig. 4(b) cannot be treated
within our scenario.
Here, we discuss the assumptions on the unit-cell
choice used in our proof. We have two assumptions: (i)
the unit cell is invariant under the inversion operation,
and (ii) no atomic site is located at the unit-cell bound-
ary. In the following, we briefly explain that this as-
sumption is physically reasonable as long as we only use
the knowledge of the bulk inversion eigenvalues. We also
show an example which cannot meet these two assump-
tions simultaneously, and it is outside the scope of our
proof. However, in such an example, the bulk-edge cor-
respondence cannot be understood only from the knowl-
edge of the bulk inversion eigenvalues44–47. In this sense,
our proof fully covers the bulk-edge correspondence de-
tected only from the knowledge of the bulk inversion
eigenvalues.
First, we explain the assumption (ii). Figures 5(a-1)
and (a-2) show two examples of the unit cell of the same
5periodic system, whose difference is the choice of the cen-
ter of the unit cell. Here, the balls represent the atomic
sites, and the dashed lines represent the inversion centers.
In Fig. 5(a-1), there are no atomic sites at the unit-cell
boundary, and the assumption (ii) is satisfied. On the
other hand, in Fig. 5(a-2), the atomic site is located at
the unit-cell boundary. Since we cannot cut the chain at
the atomic site, the unit-cell boundary cannot coincide
with the edge of the open system, and this choice of the
unit cell in Fig. 5(a-2) cannot be adopted.
We mentioned that the periodic chain Fig. 4(b) cannot
be treated within our scenario. From the viewpoint of the
above two assumptions (i), (ii), we can equivalently say
that we cannot choose a unit cell that simultaneously
satisfies the two assumptions (i), (ii), as we can see from
Figs. 5(b-1) and (b-2).
Finally, we briefly explain that our assumptions are
physically natural for the purpose of obtaining informa-
tion on the edge state from inversion eigenvalues, in the
light of recent works on the Zak phase44–47. In Ref. 45,
the Zak phase γZak is splitted to the intracellular part
γintraZak and the intercellular part γ
inter
Zak , and the latter is
proportional to the excess edge charge,
γZak = γ
intra
Zak + γ
inter
Zak , (10)
QL(R)acc = +(−)
e
2pi
γinterZak (mod e), (11)
where Q
L(R)
acc represents the excess edge charge accumu-
lated at the left (right) edge of the insulating open sys-
tem. Equation (11) holds when the assumption (ii) is sat-
isfied. The intracellular part, γintraZak , corresponds to the
electronic part of the classical polarization of the bulk’s
unit cell. Though, the Zak phase γZak is independent
of the choice of the unit cell, the intra- and intercellular
parts of the Zak phase, γintraZak and γ
inter
Zak , depend on the
choice of the unit cell. If the unit cell is taken to be in-
variant under the inversion symmetry (assumption (i)),
γintraZak vanishes, and γ
inter
Zak = γZak. Moreover, if we choose
the real-space origin at one of the inversion centers, γZak
is quantized to 0 or pi and calculated by the bulk inver-
sion eigenvalues. Therefore, Q
L(R)
acc is calculated by the
bulk inversion eigenvalues if the assumptions (i) and (ii)
are met.
III. BULK-EDGE CORRESPONDENCE IN 2D
CLASS A
In this section, we show bulk-edge correspondence
in two-dimensional inversion-symmetric insulators. We
consider a noninteracting centrosymmetric system on a
two-dimensional lattice with periodic boundary condi-
tions. In a two-dimensional system, there are four TRIM,
(k1, k2) = (0, 0), (pi, 0), (0, pi), (pi, pi), which we label with
Γ, X, Y , M , respectively. Therefore, in an insulator, we
have five independent topological numbers (ν, n−(Γj)),
where Γj represent the TRIM.
FIG. 6. (Color online) Conceptual figure of a two-dimensional
inversion-symmetric insulator cut at the boundary along the
x1 direction. When λ = 1, the system is periodic, and when
λ = 0 the system is an open finite system at x1 = const. When
λ = −1, this system is anti-periodic along the x1 direction.
In this section, we show that for an insulating system
with an open boundary condition, when
∑
Γj
n−(Γj) = 1
(mod 2), there are an odd number of chiral edge modes
at the boundary. A similar result has been already shown
in previous works13–15 in the form,∏
Γj∈TRIM
(−1)n−(Γj) = (−1)Ch, (12)
where Ch is the Chern number of the system. Since
the Chern number is equal to the number of chiral edge
modes4,5, this equation also means the existence of chiral
edge modes when
∑
Γj
n−(Γj) = 1 (mod 2). In this sense,
we give another proof of this equation. We note that, as
is the case with for the one-dimensional systems, we take
the inversion-symmetric unit cell which is commensurate
with the open system.
A. General proof
We consider a two-dimensional crystal with primitive
vectors ai (i = 1, 2). Let Li (i = 1, 2) be the length of the
system along ai, measured in units of |ai| (i = 1, 2). For
simplicity, let L1 be an odd integer, L1 = 2M1 + 1 (M1 :
integer), and let L2 → ∞. The centers of the unit cells
are located at x1 = −M1,−M1 + 1, · · · ,M , measured in
the unit of |a1|. As in the one-dimensional case, we re-
place the hopping amplitudes tj for all bonds that cross
the boundary between x1 = −M1 and x1 = M1 by λtj ,
where λ is real. Note that we impose a periodic boundary
condition along the x2 direction in the rest of this sec-
tion. Figure 6 is a conceptual figure of a two-dimensional
inversion-symmetric insulator cut at the boundary be-
tween x1 = −M1 and x1 = M1. For real λ, inversion
symmetry is always preserved.
The inversion operator P changes the 2D wave vector
k = (k1, k2) to (−k1,−k2). Let us focus on the 1D P-
invariant subspaces k2 = 0 and k2 = pi, which we call Γ
and Y , respectively. We can regard Γ and Y as 1D TRIM.
Both of the subspaces can be considered as an effective
1D inversion-symmetric system. Let NΓ and NY be the
numbers of occupied states at k2 = 0 and that of k2 = pi,
respectively. From Eq. (1), the change of NΓ and NY
6(mod 2) by changing λ = 1 to λ = 0 is evaluated from
n−(Γj) (Γj ∈ 2D TRIM):
NΓ|λ=0 ≡ NΓ|λ=1 + n−(Γ)− n−(X) (mod 2), (13)
NY |λ=0 ≡ NY |λ=1 + n−(Y )− n−(M) (mod 2). (14)
Since the system is insulating for λ = 1, we get NΓ|λ=1 =
NY |λ=1 = L1ν. By subtracting Eq. (14) from Eq. (13),
we obtain the following equation:
NΓ|λ=0 −NY |λ=0 ≡ n−(Γ)− n−(X)− n−(Y ) + n−(M)
≡
∑
Γj∈TRIM
n−(Γj) (mod 2). (15)
From Eq. (15), when
∑
n−(Γj) = 1 (mod 2), for the
system with an open boundary condition, the parity of
NΓ is different from that of NY . In order to compensate
the difference, an odd number of chiral edge modes must
exist between Γ and Y .
Moreover as pointed out in [42], inversion parities at
the respective TRIM have more information than their
sum over all the TRIM. For example, if
∑
Γj
n−(Γj) = 1,
we have two possibilities
([NΓ]
λ=0
λ=1, [NY ]
λ=0
λ=1) ≡ (1, 0), (0, 1) (mod 2), (16)
and we can identify which possibility is realized from par-
ity eigenvalues n−(Γj), from Eqs. (13) and (14). This
indicates which of the 1D TRIM, Γ and Y , is “inside of
the boundary Fermi surface”. Here, we define “inside of
the boundary Fermi surface” as a subspace of k-space
where the number of occupied states is more or less than
that of the bulk by an odd number. In order to express
this feature, we define boundary fermion parity at ky
to be nboundary(ky) = [Nky ]
λ=0
λ=1, as an analogue of the
surface fermion parity in [42]. This boundary fermion
parity nboundary(ky) is always an integer. From (13) and
(14), we define the boundary fermion parity at Γj to be∑
Γi
n−(Γi) (mod 2) where the sum is taken over the
2D TRIM Γi which is projected onto Γj (= Γ, Y ). As
long as inversion symmetry is preserved, when we mod-
ify the system perturbatively without closing the gap,
nboundary(Γj) changes by an even number. Therefore,
the parity of nboundary(Γj) is a topological number, and
it is natural that it is given by the parities at the 2D
TRIM.
Here, we note the relation of our study and the pre-
vious works. Previous works13–15 have shown that, for
two-dimensional systems, the quantity (−1)Ch, where Ch
is the Chern number along a crystal plane of the system,
is equal to the product of the inversion parities at TRIM
on the plane in k-space. Other studies4,5 have shown
that, for two-dimensional systems, the number of chiral
edge modes is equal to the Chern number of the system.
By combining these two results, we conclude that the
quantity (−1)Nedge , where Nedge is the number of chiral
edge modes, is equal to the product of the inversion par-
ities at TRIM. This is exactly the same statement which
we have shown in this section. However, compared to
the previous studies on bulk-edge correspondence4,5, our
proof directly relates the bulk inversion parities to the
existence of the chiral edge modes. Moreover, our proof
clarifies that the inversion parities at each TRIM have
more information than their product13–15, leading to the
notion of boundary fermion parity nboundary(Γj). There-
fore, our proof gives a new perspective to the existing
results.
B. Illustrative examples
Here, we show two examples to see how the system
evolves by the change of λ. Figure 7 shows two examples
of the bulk parity and corresponding surface energy spec-
trum. Figure 7(b-1) shows the case with
∑
n−(Γj) = 0.
In this case, inversion parities at Γ and Y do not depend
on λ, as shown in Fig. 7(b-2) and (b-3). Therefore, the
corresponding surface energy spectrum, Fig. 7(b-4), does
not have a chiral edge mode. Figure 7(c-1) shows the
case with
∑
n−(Γj) = 1. In this case, inversion pari-
ties at Γ depend on λ, as shown in Fig. 7(c-2) and (c-3).
Therefore, when λ = 0, the number of states at Γ is one
less than that of bulk. On the other hand, inversion par-
ities at Y do not depend on λ as shown in Fig. 7(c-2).
Therefore, the corresponding surface energy spectrum,
Fig. 7(c-4), have a chiral edge mode, which compensates
the difference of the number of occupied states at Γ and
Y .
IV. BULK-HINGE CORRESPONDENCE IN 3D
CLASS A
In this section, we consider a three-dimensional
noninteracting centrosymmetric insulator with periodic
boundary conditions. In a three-dimensional system,
there are eight TRIM. As in the case of one- and
two-dimensional insulators, we have nine independent
topological numbers (ν, n−(Γj)), where ν is filling, and
n−(Γj) is the number of occupied states with odd par-
ity at the TRIM Γj . Interestingly, some combinations
of {n−(Γj)} cannot be realized in atomic insulators.
The following four numbers, calculated from n−(Γj),
are indicators which specify whether the combinations
of {n−(Γj)} can be realized in an atomic insulator or
not48–50:
µ1 =
∑
Γj :TRIM
n+(Γj)− n−(Γj)
2
≡ −
∑
Γj :TRIM
n−(Γj) (mod 4), (17)
νa ≡
∑
Γj :TRIM∧ka=pi
n−(Γj) (mod 2) (a = 1, 2, 3). (18)
We note that, for insulators, µ1 takes only the values 0
or 2. If µ1 = 1 or 3, there are Weyl points somewhere in
7FIG. 7. (Color online) Two representative examples of bulk
parities and corresponding energy spectra. (a) Quarter of
the 2D Brillouin zone with the symmetry labels shown in
black, and a half of the projected 1D Brillouin zone with the
symmetry labels shown in orange. (b) (c): Two examples of
inversion parities and resulting spectra. (b-1)-(b-4) and (c-
1)-(c-4) show two different cases. (b-1,c-1) Inversion parities
at 2D TRIM. (b-2,c-2) Parity arrangements at Γ and Y for
λ = −1, 0, 1. In addition to the state whose parity is shown
in (b-2) and (c-2), there are (L1−1)ν
2
states with even parity
and (L1−1)ν
2
states with odd parity, and they are not shown
in the figure for simplicity. In (c-2), at λ = 0, the parity at
Γ is blank, because the number of occupied states is one less
than that of the bulk. (b-3,c-3) Energy spectra at Γ in the
process of changing λ. (b-4,c-4) Energy spectrum. In (c-4),
NΓ 6= NY (mod 2), and an odd number of chiral edge modes
exist.
k-space between the valence bands and the conduction
bands, meaning that the system is not an insulator13,14.
In this section, we show a direct correspondence be-
tween the bulk topological invariant µ1 and the existence
of chiral hinge states. To this end, we introduce a cut-
ting procedure along one direction, which we call x1 axis,
and study the 2D system after cutting the system along
FIG. 8. (Color online) Conceptual figure of a three-
dimensional inversion-symmetric insulator cut at the bound-
ary between x1 = M1 and x1 = −M1. When λ = 1, the
system is periodic, and when λ = 0 the system is an open fi-
nite system along the x1 direction. When λ = −1, this system
is anti-periodic along the x1 direction.
a plane x1 = const., which corresponds to λ = 0 in the
cutting process. We show that in a system with an open
boundary condition in one direction, when µ1 = 2, (i)
the surface band structure is gapless or (ii) the surface
band structure is gapped and the Chern number of the
system is equal to 1 (mod 2). More precisely, under the
assumption that the system is insulating both in the bulk
and the surface, we show the following relation:∑
Γj
n˜−(Γj)|λ=0 ≡ 1
2
(−µ1) (mod 2), (19)
where n˜−(Γj) is the number of occupied states with odd
parity at the 2D TRIM Γj . Equation (19) is a central
result of this paper, which shows the direct relationship
of the 3D indicator in the bulk and the 2D indicator with
an open boundary. We note that, as is similar to the one-
dimensional case, we take an inversion-symmetric unit
cell which is commensurate with the open system.
A. General proof
We set the system size along the xi axis to be Li (i =
1, 2, 3) measured in units of |ai| (i = 1, 2, 3). For simplic-
ity, let L1 be an odd integer, L1 = 2M1+1 (M1 : integer),
and let L2, L3 → ∞. The centers of the unit cells are
located at x1 = −M1,−M1 + 1, · · · ,M1, measured in
the units of |a1|. We first start with a periodic system
with x1 = M1 and x1 = −M1 being connected. We
then replace the hopping amplitudes tj for all bonds that
cross the boundary between x1 = M1 and x1 = −M1
by λtj , where λ is real. Note that we impose a peri-
odic boundary condition for x2 and x3 directions in the
rest of this section. Figure 8 is a conceptual figure of
a three-dimensional inversion-symmetric insulator cut at
the boundary between x1 = M1 and x1 = −M1. For any
real values of λ, inversion symmetry is always preserved.
By considering the degree of freedom in the x1 di-
rection as an internal degree of freedom, this system
can be regarded as a two-dimensional system. Then
8we regard k|| ≡ (k2, k3)T as a wave vector in this
effective 2D system, where k2 and k3 take the value
−pi < ki ≤ pi (i = 2, 3). k|| is a TRIM if and only if
k|| = (0, 0), (pi, 0), (0, pi), (pi, pi), which we call Γ, Y , Z, T ,
respectively. Let NΓj (λ) be the total number of occupied
states at k|| = Γj for a given value of λ.
We show that n˜−(Γj)|λ=0 is evaluated from the knowl-
edge of n−(Γj) and NΓj |λ=0. We note that k|| = Γj
represents a one-dimensional P-invariant subspace in 3D
k-space. In this subspace, n˜−(Γj) corresponds to N− in
the one-dimensional case discussed in Sec. II. Therefore,
from Eqs. (3), (5) and (9), the following equations hold:
n˜−(Γj)|λ=1 = (L1 − 1)ν
2
+ n−(0,Γj), (20)
n˜−(Γj)|λ=−1 = (L1 − 1)ν
2
+ n−(pi,Γj), (21)
[n˜−(Γj)]λ=0λ=1 =
1
2
[NΓj ]
λ=0
λ=1 +
n−(pi,Γj)− n−(0,Γj)
2
,
(22)
where (0,Γj) and (pi,Γj) are 3D TRIM. By adding
Eq. (20) and Eq. (22), we get the following equation:
n˜−(Γj)|λ=0 =
NΓj |λ=0 − ν
2
+
n−(0,Γj) + n−(pi,Γj)
2
,
(23)
where we use the relation NΓj |λ=1 = L1ν. By summing
Eq. (23) over Γj , we obtain the following equation:∑
Γj
n˜−(Γj)|λ=0 =1
2
∑
Γj
NΓj |λ=0 − 2ν
+
1
2
∑
Γj
n−(Γj). (24)
Next, let us assume that the system at λ = 0 is also
insulating, which means that the surface is also insulat-
ing. Then the values of NΓj |λ=0 at the four TRIM are
equal, i.e. NΓj |λ=0 = Nopen. Then, we get the following
equation:∑
Γj
n˜−(Γj)|λ=0 = 2Nopen − 2ν + 1
2
(−µ1). (25)
Then we note that the l.h.s. of Eq. (25) is equal to
the parity of the Chern number at λ = 0. It is be-
cause, in a two-dimensional centrosymmetric system,
(−1)Ch is equal to the product of the P2D eigenvalues at
TRIM, where P2D is the inversion operator of the two-
dimensional system, as shown in the Sec. III and in some
previous works13–15. Equation (19) is derived by taking
modulo 2 in Eq. (25).
In particular, when µ1 = 2, we conclude that
(Chern)|λ=0 = 1 (mod 2). It means that if we make the
system to be open also along x2-, and x3-directions, this
FIG. 9. (Color online) Conceptual figure of positions of gap-
less surface states and hinge states for µ1 = 2. In this case,
when the system is cut along the x2-x3 plane, the resulting
2D system has the Chern number equal to 1 (mod 2), mean-
ing that the 2D system has gapless chiral edge states. These
chiral edge states as a 2D system can be either surface states
or hinge states. In (a), the gapless chiral states are surface
states at the side surfaces. In (b), the gapless chiral states
are composed of surfaces states and hinge states. In (c), they
are hinge states.
system supports chiral edge modes with the number of
chiral modes being an odd number. These chiral modes
can be on surfaces or on hinges, as shown in Fig. 9(a-c).
If we further assume that all the surfaces are gapped,
these chiral modes are localized on the hinges.
B. Illustrative examples
In this subsection, we consider two typical examples
and demonstrate the validity of the formula (19) holds:
(A) µ1 = 2, νa = 0 (HOTI) and (B) µ1 = 2, ν1 = 1, ν2 =
ν3 = 0 (weak Chern insulator). In the rest of this sub-
section, we assume that the surface band structure, i.e.
the band structure at λ = 0, is gapped. Since µ1 = 2 in
both cases, from the formula (19), both systems have a
nontrivial Chern number when λ = 0. However, due to
the difference of the weak topological number, ν1, their
topological nature is completely different. Here, we il-
lustrate the spectral flow for the change of λ, and we
confirm the result by a model calculation. We find that
the spectral flows of (A) and (B) are completely different.
The difference comes from the difference of ν1.
1. µ1 = 2, νa = 0 (a = 1, 2, 3)
One of the simplest examples to realize µ1 = 2, νa =
0 (a = 1, 2, 3) is n−(Γ) = 2, n−(Γj) = 0 (Γj 6= Γ) and
ν = 2. The bulk parity corresponding to this example is
illustrated in Fig. 10 (b). We note that, since ν = 2 and
L1 − 1 = 2M1, from Eq. (20) and (21), n˜−(Γj)|λ=1 =
2M1 + n−(0,Γj), and n˜−(Γj)|λ=−1 = 2M1 + n−(pi,Γj).
Then following relations hold:
n˜−(Γ)|λ=1 = 2M1 + 2, n˜−(Γ)|λ=−1 = 2M1, (26)
n˜−(Y )|λ=±1 = n˜−(Z)|λ=±1 = n˜−(T )|λ=±1 = 2M1.
(27)
Next we calculate n˜−(Γj)|λ=0 for TRIM Γj . First, let
us consider the case of k|| = Γ. From Eq. (26), when
9FIG. 10. (Color online) Illustrative examples of µ1 = 2 topo-
logical insulators. (a) 1/8 of the 3D Brillouin zone and the
symmetry labels shown in black, and 1/4 of the 2D Brillouin
zone and the symmetry labels shown in orange. (b-c) Two ex-
amples of inversion parities at TRIM for (b) νa = 0 (HOTI)
and (c) ν1 = 1, ν2 = ν3 = 0 (weak Chern insulator). (d-g)
Four representative examples of the energy spectrum on λ.
Red and blue lines represent bound states with even and odd
parity, respectively. (f) and (g) differ only by the Fermi en-
ergy. (h-i) Two examples of inversion parities at 2D TRIM
corresponding to (b) and (c) respectively. In every case, in
addition to the state whose parity is shown in (h) and (i),
there are (L1−1)ν
2
states with even parity and (L1−1)ν
2
states
with odd parity, and they are not shown in the figure for sim-
plicity. When λ = 0, both examples have one state with odd
parity at Γ.
λ is decreased from 1 to −1, two odd-parity states cross
the Fermi energy EF from below, and two even parity
states cross EF from above. Furthermore, as we show
in Appendix A, the energy spectrum is symmetric un-
der the flipping of the sign of λ, and the bound states
|ψl(λ)〉 and |ψl(−λ)〉 have opposite parities. Figure 10(d-
e) shows two representative examples of the energy spec-
trum which satisfy these requirements. The number of
states below the Fermi energy EF at λ = 0, NΓ|λ=0,
is equal to that of bulk in (d) and two less than that of
bulk in (e). The differences in the value of n˜−(Γ) between
λ = 0 and λ = 1 are [n˜−(Γ)]λ=0λ=1 = −1 in Fig. 10(d) and
[n˜−(Γ)]λ=0λ=1 = −2 in (e). Therefore, n˜−(Γ)|λ=0 ≡ 1 (mod
2) in Fig. 10(d), and n˜−(Γ)|λ=0 ≡ 0 (mod 2) in (e).
Next, let us consider the case of k|| = Y . We note that
the cases of k|| = Z, T are the same as the case of k|| = Y .
We consider the energy spectrum at Y in changing λ
from 1 to −1. Since n˜−(Y )|λ=±1 = 2M1, the number
of states with even (odd) parity which cross EF from
above is equal to that from below through the change
of λ from λ = 1 to λ = −1. Figure 10(f-g) shows two
representative examples of energy spectrum which satisfy
this requirement. In Fig. 10(f), NY |λ=0 is equal to that
of bulk, and in Fig. 10(g), NY |λ=0 is two less than that
of bulk. The differences in the value of n˜−(Y ) between
λ = 0 and λ = 1 are [n˜−(Y )]λ=0λ=1 = 0 in Fig. 10(f) and
[n˜−(Y )]λ=0λ=1 = −1 in Fig. 10(g). Therefore, n˜−(Y )|λ=0 ≡
0 (mod 2) in Fig. 10(f), and n˜−(Y )|λ=0 ≡ 1 (mod 2) in
(g).
Finally, we combine the results at Γ, Y , Z and T . First
of all, from the assumption that the bulk is insulating,
the number of bulk occupied states is equal for all the
2D TRIM Γj :
N |λ=1 ≡ NΓ|λ=1 = NY |λ=1 = NZ |λ=1 = NT |λ=1. (28)
Secondly, from the assumption that the surface is insu-
lating, the following equation holds:
N |λ=0 ≡ NΓ|λ=0 = NY |λ=0 = NZ |λ=0 = NT |λ=0. (29)
Hence, there are two possibilities, depending on the dif-
ference between N |λ=1 and N |λ=0 being 0 or 2 modulo
4. This constrains combinations of evolutions of states at
Γ, Y , Z and T upon a change of λ. First, when N |λ=1 =
N |λ=0, the spectrum at Γ is like Fig. 10(d), while that
at Y , Z and T are Fig. 10(f). Therefore, n˜−(Γ)|λ=0 ≡ 1
and n˜−(Y )|λ=0 ≡ n˜−(Z)|λ=0 ≡ n˜−(T )|λ=0 ≡ 0 (mod
2), and the sum of the number of states with odd par-
ity at 2D TRIM Γj is 1 (mod 2). Figure 10(h) shows
inversion parities at λ = −1, 0 and 1, corresponding to
Fig. 10(d),(f). Second, when N |λ=1 − N |λ=0 ≡ 2 (mod
4), the spectrum at Γ is Fig. 10(e) while that at Y , Z
and T are Fig. 10(g). Therefore, n˜−(Γ)|λ=0 ≡ 0 and
n˜−(Y )|λ=0 ≡ n˜−(Z)|λ=0 ≡ n˜−(T )|λ=0 ≡ 1, and their
sum is 3 ≡ 1 (mod 2). To summarize, in either case,∑
Γj
n˜−(Γj)|λ=0 = 1 (mod 2), which means that the
Chern number of the system is 1 (mod 2).
We confirm this by a model calculation. We use the
following tight-binding Hamiltonian:
H(k) = −
(
m− c
∑
j=x,y,z
cos kj
)
τz
− t
∑
j=x,y,z
σjτx sin kj
+B · σ +Aτzσz, (30)
where m = 4, c = 2, t = 1, B = (0.3, 0.3, 0.3) and
A = 0.3. This Hamiltonian is symmetric under inversion
operation P = τz, and the inversion parities at TRIM
are shown in Fig. 10(b). If B = 0 and A = 0, the model
(30) describes a conventional topological insulator pro-
tected by time-reversal symmetry39,51. B is considered
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as a uniform magnetic field, which breaks time-reversal
symmetry. A is considered as an orbital-dependent mag-
netic field which depends on the orbital degrees of free-
dom τ . The Fermi energy is set to be EF = 0. The
energy spectrum on λ at Γ and Y is shown in Fig. 11
(a) and (b) respectively. As expected from the theoret-
ical calculation, the energy spectrum at Γ has crossing
points as shown in Fig. 11 (a), and there is no crossing
point at Y as shown in Fig. 11 (b). This corresponds to
the case with Fig. 10(d) and (f). These results support
our theoretical calculation.
2. µ1 = 2, ν1 = 1, ν2 = ν3 = 0
As an example to realize µ1 = 2, ν1 = 1, ν2 = ν3 = 0,
here we take n−(Γ) = n−(X) = 1, n−(Γj) = 0 (Γj 6=
Γ, X) and ν = 2. The bulk parity corresponding to this
example is illustrated in Fig. 10 (c).
First, we note that the cases of k|| = Y , Z and T are
the same as the case of k|| = Y in the previous example
in Sec. IV B1. Therefore, for Γj = Y , Z and T , we get
n˜−(Γj)|λ=0 ≡ 0 (mod 2) in Fig. 10(f), and n˜−(Γj)|λ=0 ≡
1 (mod 2) in (g).
Next, let us consider the case of k|| = Γ. Since ν =
2 and L1 − 1 = 2M1, from Eq. (20) and (21), we get
n˜−(Γ)|λ=1 = 2M1+n−(Γ) = 2M1+1, and n˜−(Γ)|λ=−1 =
2M1 + n−(X) = 2M1 + 1. Therefore, through a change
from λ = 1 to λ = −1, the number of states with even
(odd) parity which cross EF from above is equal to that
from below as a whole. Two examples of the possible
energy spectra are shown in Fig. 10(f) and (g). We get
n˜−(Γ)|λ=0 ≡ 1 (mod 2) in Fig. 10(f), and n˜−(Γ)|λ=0 ≡ 0
(mod 2) in (g).
Finally, we combine the results at Γ, Y , Z and T .
First of all, from the assumption that both the bulk
and the surface is insulating, NΓj |λ=0 and NΓj |λ=1 do
not depend on Γj . Therefore, in Fig. 10, within the
two cases (f) and (g), the energy spectra at the four
2D TRIM Γj (Γj = Γ, Y , Z, T ) are the same, because
Nλ=1 − Nλ=0 is equal to 0 (mod 4) in Fig. 10(f) and 2
(mod 4) in Fig. 10(g). In Fig. 10(f), since n˜−(Γ)|λ=0 ≡ 1
and n˜−(Y )|λ=0 ≡ n˜−(Z)|λ=0 ≡ n˜−(T )|λ=0 ≡ 0, their
sum is 1 (mod 2). Figure 10(i) shows inversion pari-
ties at λ = −1, 0 and 1, corresponding to Fig. 10(f).
In Fig. 10(g), since n˜−(Γ)|λ=0 ≡ 0 and n˜−(Y )|λ=0 ≡
n˜−(Z)|λ=0 ≡ n˜−(T )|λ=0 ≡ 1, their sum is 3 ≡ 1 (mod
2). In either case,
∑
Γj
n˜−(Γj)|λ=0 = 1 (mod 2), which
means that the Chern number of the system is 1 (mod
2).
We confirm this by model calculation. We use the
FIG. 11. Model calculations for two examples of µ1 = 2
topological insulators, (a-b) a HOTI and (c-d) a weak Chern
insulator corresponding to cases (A) and (B) in Sec. IV B.
(a-b) Energy spectrum of the model (30) for a HOTI as a
function of λ at (a) Γ and (b) Y . (c-d) Energy spectrum of
the model (31) for a weak Chern insulator as a function of λ
at (c) Γ and (d) Y .
following tight-binding Hamiltonian:
H(k) = −
(
m− c
∑
j=y,z
cos kj
)
τz
− t
∑
j=x,y,z
σjτx sin kj
+B · σ +Aτzσz, (31)
where m = 4, c = 2, t = 1, B = (1.5, 0.5, 0.5) and
A = 0.3. This Hamiltonian is symmetric under inver-
sion operation P = τz, and the inversion parities at
TRIM are shown in Fig. 10(c). The main difference
between the models (30) and (31) is presence/absence
of the term τz cos kx. The energy spectrum on λ at
Γ and Y is shown in Fig. 11 (c) and (d) respectively.
As expected from the theoretical calculation, the en-
ergy spectrum at Γ and Y have no crossing point as
shown in Fig. 11 (c) and (d) respectively. From these
calculations, in the case with (µ1, ν1) = (2, 1), we con-
clude that the Chern number perpendicular to the x1-
axis is always 1: (Chern)|λ=1 = (Chern)|λ=0 = 1 (mod
2). This is different from the previous example with
(µ1, ν1) = (2, 0). In that case, the Chern number depends
on λ: (Chern)|λ=1 = 0 (mod 2) and (Chern)|λ=0 = 1
(mod 2).
V. BULK-EDGE AND BULK-HINGE
CORRESPONDENCE IN CLASS AII
In this section, we extend the results of the previ-
ous sections to spinful systems with time-reversal sym-
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metry, i.e. class AII systems. In class AII systems,
due to the time-reversal symmetry, all energy eigenstates
are Kramers-degenerate. Therefore, the number of oc-
cupied states N should be an even number. Moreover,
since the inversion operator P commutes with the time-
reversal operator Θ, all the inversion eigenstate |ψ〉 and
its Kramers partner Θ|ψ〉 have the same parity. This
means that, the number of occupied states with odd par-
ity is always an even number. Therefore, N− and n−(Γj)
should be even. Here, we define M , M− and m−(Γj) as
halves of N , N− and n−(Γj), respectively, i.e.,
M =
N
2
, M− =
N−
2
, m−(Γj) =
n−(Γj)
2
. (32)
By replacing N , N− and n− in the previous sections with
M , M− and m− respectively, we obtain an extension of
our theory to class AII systems. We note that M is
equal to the total number of occupied Kramers pairs of
states. Likewise, M− is equal to the number of occupied
Kramers pairs of states with odd parity, and m−(Γj) is
the number of occupied Kramers pairs of states with odd
parity at a TRIM Γj . We also note that one- and two-
dimensional cases are already discussed in the previous
study42. However, for convenience of the readers, we
rewrite these discussions in the previous study in our
notation.
A. 1D
By replacing N− and n− in Eq. (9) with M− and m−,
respectively, we obtain the following relation:
Mopen = Mbulk +m−(0)−m−(pi) + 2[M−]λ=0λ=1, (33)
≡Mbulk +m−(0)−m−(pi) (mod 2). (34)
This means that the number of occupied Kramers pairs
of states at λ = 0 and λ = 1 differ by 1 (mod 2) if
m−(0)−m−(pi) ≡ 1 (mod 2).
B. 2D
By replacing N and n− in Eq. (15) with M and m−
respectively, we obtain the following relation:
M0|λ=0 −Mpi|λ=0 ≡
∑
Γj∈TRIM
m−(Γj) (mod 2). (35)
This means that if the r.h.s. of Eq. (35) is 1 mod 2, the
number of occupied Kramers pairs of states for λ = 0
at k|| = 0 is different from that at k|| = pi42. In order
to compensate the difference, there should be an odd
number of helical edge modes between k|| = 0 and k|| =
pi. We note that this result is consistent with the well-
known Fu-Kane formula52, which shows that the r.h.s.
of Eq. (35) is equal to the Z2 topological invariant of the
system.
C. 3D
By replacing N and n− in Eq. (25) with M and m−
respectively, we obtain the following relation:∑
Γj
m˜−(Γj)|λ=0 = 2M |λ=0 − ν + 1
2
(−κ1)
≡ 1
2
(−κ1) (mod 2). (36)
Here, κ1 is defined as follows
50:
κ1 =
∑
Γj :TRIM
(n+(Γj)− n−(Γj))/4
≡ −
∑
Γj :TRIM
n−(Γj)/2 (mod 4)
≡ −
∑
Γj :TRIM
m−(Γj) (mod 4). (37)
The l.h.s of Eq.(36) is equal to the Z2 topological in-
variant of the system in a slab geometry52. Therefore,
if κ1 = 2 (mod 4), the system in a slab geometry is a
quantum spin Hall insulator. It means that if we make
the system to be open also along x2-, and x3-directions,
this system supports helical edge modes with the num-
ber of helical modes being an odd number. As in the
previous section, these “edge” modes can be on surfaces
or on hinges. If we further assume that all the surfaces
are gapped, these helical edge modes are at the hinges.
This gives a proof of the bulk-hinge correspondence in
inversion-symmetric 3D class AII systems32,36,37.
VI. CONCLUSION
In the present paper, we studied the bulk-edge and
bulk-hinge correspondences in inversion-symmetric insu-
lators. We used a cutting procedure, and study the
spectral flow in the cutting process. In one- and two-
dimensional centrosymmetric systems, we showed that
the proof of the bulk-edge correspondence is simplified by
introducing a cutting procedure. For a three-dimensional
centrosymmetric system, we proved the bulk-hinge corre-
spondence by considering the spectral flow in the cutting
process. Unlike the previous approach for the explana-
tion of the bulk-hinge correspondence, our proof is appli-
cable to more general tight-binding models with inversion
symmetry. We also confirmed this by model calculations,
and showed that the spectral flow is consistent with the
theoretical calculation.
One of the advantages of our method is its generality.
Our method is applicable to any tight-binding models
with inversion symmetry, as long as the unit cell is taken
to be invariant under the inversion symmetry. In the
main text, we have only considered systems with an odd
value of L, the number of unit cells in the system. How-
ever, as shown in Appendices B and C, our proof can
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FIG. 12. (Color online) Conceptual figure of the bound-
ary geometry and the gapless 1D states of the 3D inversion-
symmetric HOTI. Red lines represent the gapless hinge states.
As long as an infinite slab with surfaces at x1 = ±M1 pre-
serves the inversion symmetry, gapless hinge states appear on
the side surfaces.
also be applied to systems with even L. Moreover, in the
main text, we only consider the simple boundary condi-
tion. However, as shown in Appendix D, our approach is
also applicable to other boundary conditions, as long as
L is sufficiently large.
Our result brings about a new perspective to an in-
terplay between topology and system geometry of the
HOTI. In the present paper, we showed that, when we
impose an open boundary condition in one direction, a
3D inversion-symmetric HOTI in class A (class AII) be-
comes a 2D quantum Hall insulator (2D quantum spin
Hall insulator). Since the edge modes of these 2D topo-
logical insulators appear irrespective of the shape of the
boundary, the hinge states of these 3D HOTI always ap-
pear irrespective of the boundary shape of the other two
directions, x2 and x3, as shown in Fig. 12. This means
that even if the crystal shape of the HOTI does not re-
spect the inversion symmetry, the “hinge” states remain
gapless as long as the crystal shape is wide enough in the
x2-x3 direction (compared with the localization length of
the hinge states) as shown in Fig. 12.
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Appendix A: Unitary operator Ux and
approximation of H(−λ)
In this appendix we show two results which are used in
Sec. II: (i) the Hamiltonian with the anti-periodic bound-
ary condition is unitary equivalent to that with the peri-
odic boundary condition with a shifted Bloch wave vec-
tor, and (ii) for sufficiently large L, the bound states
|ψl(λ)〉 and |ψl(−λ)〉 have opposite parities. Both are
derived from the fact that H(−λ) is well-approximated
by UxH(λ)U†x, where Ux = exp[ipixˆ/L] is a phase twist
operator along x.
First, we see how UxH(λ)U†x is related to H(−λ).
We consider a one-dimensional periodic system with the
coordinate x. Let the system size in x-direction be
L = 2M+1 with an integer M measured in the unit of the
lattice constant |a|. We introduce an open boundary via
cutting procedure. We replace the hopping amplitudes
tj for all the bonds that cross the boundary between
x = −M and x = M by λtj . For simplicity, at first,
we only consider the nearest neighbor hopping. Then
the Hamiltonian is expressed as follows:
H(λ) =

H0 H
†
1 λH1
H1 H0
. . .
. . .
. . . H†1
λH†1 H1 H0

=
M∑
x=−M
H0 ⊗ |x〉〈x|+
M−1∑
x=−M
(
H1 ⊗ |x+ 1〉〈x|+ H.c.
)
+
(
λH1 ⊗ |−M〉〈M |+ H.c.
)
. (A1)
Here, H0 and H1 are N0 ×N0 matrices, where N0 is the
number of states at each unit cell, coming from internal
degrees of freedom. H0 and H1 represent the intra-unit-
cell term and the nearest-neighbor hopping term, respec-
tively. |x〉 is an eigenstate of the position operator xˆ at
the site x. Then UxH(λ)U†x is calculated as follows:
UxH(λ)U†x
=
M∑
x=−M
H0 ⊗ |x〉〈x|
+
M−1∑
x=−M
(
H1 ⊗ |x+ 1〉〈x|ei piL (x+1−x) + H.c.
)
+ λ
(
H1 ⊗ |−M〉〈M |ei piL ((−M)−M) + H.c.
)
=
M∑
x=−M
H0 ⊗ |x〉〈x|
+
M−1∑
x=−M
(
(H1e
i piL )⊗ |x+ 1〉〈x|+ H.c.
)
− λ
(
(H1e
i piL )⊗ |−M〉〈M |+ H.c.
)
= H(−λ)|
H1→H1ei
pi
L
. (A2)
More generally, if we include a mth-nearest hopping term∑
xHm ⊗ |x+m〉〈x|+ H.c, we get
UxH(λ)U†x = H(−λ)|Hm→Hmei pimL . (A3)
Therefore, if m is finite and L is sufficiently large,
UxH(λ)U†x is well-approximated by H(−λ).
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1. Anti-periodic Hamiltonian
Here, we show that the Hamiltonian H|λ=−1 is unitary
equivalent to the periodic Hamiltonian. For this purpose,
one introduce the translational operator Tx defined as
Tx =
∑M−1
x=−M |x+ 1〉〈x| + |−M〉〈M |. For λ = 1, the
Hamiltonian is expressed as follows:
H|λ=1
= H0 ⊗
x=M∑
x=−M
|x〉〈x|
+H1 ⊗
( M−1∑
x=−M
|x+ 1〉〈x|+ |−M〉〈M |
)
+ H.c.
= H0 ⊗ 1x + [H1 ⊗ Tx + H.c.]. (A4)
For λ = −1, UxH|λ=−1U†x is expressed as follows:
UxH|λ=−1U†x
= H0 ⊗
x=M∑
x=−M
|x〉〈x|
+
[
(H1e
i piL )⊗
( M−1∑
x=−M
|x+ 1〉〈x|+ |−M〉〈M |
)
+ H.c.
]
= H0 ⊗ 1x + [(H1ei piL )⊗ Tx + H.c.]
= H0 ⊗ 1x + [H1 ⊗ T˜x + H.c.], (A5)
where T˜x = e
i piLTx. Let e
ik, eik˜ be eigenvalues of Tx, T˜x
respectively. k, k˜ take values as follows:
k =
2pi
L
m (−M ≤ m ≤M), (A6)
k˜ =
2pi
L
m+
pi
L
(−M ≤ m ≤M). (A7)
By comparing Eqs. (A4) and (A5), we conclude that
UxH|λ=−1U†x is equivalent to the Hamiltonian with the
periodic boundary condition with k shifted to k + pi/L.
This is natural from the following argument. The case
with λ = −1 corresponds to antiperiodic boundary con-
ditions, leading to the AharonovBohm phase pi for the
whole system. This additional phase pi appears as an
additional term pi in the formula of k˜L.
2. Localized states and Ux
Here, we show that if |ψ(λ)〉 is an eigenstate of H(λ)
with parity p (= ±1) localized at the boundaries x =
±M , then Ux|ψ(λ)〉 is an eigenstate ofH(−λ) with parity
−p localized at the boundaries x = ±M . That is because
H(−λ)Ux|ψ(λ)〉 ' UxH(λ)U†xUx|ψ(λ)〉
= UxH|ψ(λ)〉
= E(λ)Ux|ψ(λ)〉, (A8)
PUx|ψ(λ)〉 = U†xP|ψ(λ)〉
= (U†x)
2pUx|ψ(λ)〉
' (−p)Ux|ψ(λ)〉, (A9)
where ' asymptotically holds true when L → ∞. Here,
we used the relation (U†x)
2 = exp[−2ipix/L] ' −1 (x ∼
±M), which holds for localized states at the boundaries
x ' ±M . From Eqs. (A8) and (A9), we conclude that
if |ψ(λ0)〉 is a boundary localized energy eigenstate with
parity p, there is an eigenstate at λ = −λ0, which have
almost the same energy and have opposite parity −p.
Therefore, if we label the localized states by an integer
l, |ψl(λ)〉 and |ψl(−λ)〉 asymptotically have the same en-
ergy for a large system size, and have opposite parities.
Appendix B: One-dimensional system with an even
value of L
In this section, we show that our theory is also appli-
cable to a one-dimensional system with an even value of
L. There are two different points from the case with an
odd value of L. The first one is the inversion center for
the inversion operation P. Since the boundary point in
the cutting procedure should be the inversion center, the
other inversion center x = 0 is at the center of a unit
cell when L is odd, and in between two unit cells when
L is even. Therefore, the definition of the bulk inversion
operator P is different between odd L and even L. Let
Podd (Peven) denote the bulk inversion operators, with
the inversion center being at the center of a unit cell (in
the border between two neighboring unit cells). The fol-
lowing equations hold:
Peven = TxPodd, (B1)
peven(Γj) = e
−iΓjpodd(Γj), (B2)
where peven(Γj) (p
odd(Γj)) is an eigenvalue of Peven
(Podd) at TRIM Γj = 0, pi. Therefore,
neven± (0) = n
odd
± (0), (B3)
neven± (pi) = n
odd
∓ (pi),
= ν − nodd± (pi), (B4)
where ν is the number of bulk occupied bands.
The other difference between cases with even L and
odd L is the allowed values of k. For even L, k = 2pin/L
can take both 0 and pi. On the other hand, k˜ = 2pin/L+
pi/L does not take the values of the TRIM. Therefore,
N even− |λ=±1 are calculated as follows:
N even− |λ=1 =
(L− 2)ν
2
+ neven− (0) + n
even
− (pi), (B5)
N even− |λ=−1 =
Lν
2
. (B6)
Therefore,
N even− |λ=1 −N even− |λ=−1 = −ν + neven− (0) + neven− (pi).
(B7)
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FIG. 13. Difference of the inversion center between (a) the
case with odd L and (b) the case with even L.
By using this result, the difference between N |λ=1 and
N |λ=0 is calculated as follows:
N |λ=1 −N |λ=0 = [N ]λ=1λ=0
=[N even+ ]
λ=1
λ=0 + [N
even
− ]
λ=1
λ=0
=[N even− ]
λ=−1
λ=0 + [N
even
− ]
λ=1
λ=0
=[N even− ]
λ=−1
λ=1 + 2[N
even
− ]
λ=1
λ=0
=−
(
− ν + neven− (0) + neven− (pi)
)
− 2[N even− ]λ=0λ=1, (B8)
or equivalently,
N |λ=0
=N |λ=1 +
(
− ν + neven− (0) + neven− (pi)
)
+ 2[N even− ]
λ=0
λ=1.
(B9)
By taking modulo 2 on both sides of the Eq. (B9), we
get the following equation:
N |λ=0 ≡ N |λ=1 +
(
− ν + neven− (0) + neven− (pi)
)
(mod 2).
(B10)
This means that the parity of the number of occupied
states at λ = 0 is calculated from the knowledge of neven− .
Here, we show that this result gives the same value of
N |λ=0 as the case with odd L in Eq. (1). From Eqs. (B3)
and (B4), the second term in r.h.s. of Eq. (B10) is rewrit-
ten as follows:
− ν + neven− (0) + neven− (pi)
=− ν + nodd− (0) + nodd+ (pi)
=nodd− (0)− nodd− (pi). (B11)
From Eqs. (B10) and (B11), we obtain Eq. (1). This
clearly shows that the value of N |λ=0 obtained here is
the same as the case with odd L, which is physically
reasonable.
Appendix C: Three-dimensional system with even L1
In this section, we show that our theory is also appli-
cable to a three-dimensional system with even L1. The
important point is that µ1 depends on the choice of the
inversion center, if and only if ν1 6= 0. Since the choice of
the inversion center depends on the even-oddness of L1 as
explained in Appendix B, µ1 depends on L1. Therefore,
the Chern number of the system with open boundary also
depends on L1 when ν1 6= 0. As shown below, the L1 de-
pendence of the Chern number is physically reasonable.
This is the main focus of this section.
First, as in the case of odd L1 studied in Sec. IV A, we
show that the Chern number (mod 2) of the system with
open boundary condition is equal to the bulk topological
number µ1. We write n
even
− as n
ev
− in this section. From
Eqs. (B5) and (B9), the following relation holds:
n˜ev− (Γj)|λ=1 =
(L1 − 2)ν
2
+ nev− (0,Γj) + n
ev
− (pi,Γj),
(C1)
[n˜ev− (Γj)]
λ=0
λ=1 =
[NΓj ]
λ=0
λ=1
2
+
ν − nev− (0,Γj)− nev− (pi,Γj)
2
.
(C2)
By adding Eq. (C1) and Eq. (C2), we obtain the following
equation:
n˜ev− (Γj)|λ=0 =
1
2
NΓj |λ=0 −
ν
2
+
nev− (0,Γj) + n
ev
− (pi,Γj)
2
,
(C3)
where we used the relation NΓj |λ=0 = Lν. By taking the
summation of Eq. (C3) over the 2D TRIM Γj , we obtain
the following relation:∑
Γj
n˜ev− (Γj)|λ=0
=
1
2
∑
Γj
NΓj |λ=0 − 2ν +
∑
Γj
nev− (0,Γj) + n
ev
− (pi,Γj)
2
(C4)
≡1
2
∑
Γj
nev− (Γj) (mod 2). (C5)
Equation (C5) is completely the same form with Eq. (19),
except for the definitions of n˜− and n−: the parity is de-
fined by Podd in Eq. (19) and by Peven in (C5). Here,
Podd and Peven are defined as in appendix B. Therefore,
from Eqs. (B3) and (B4), Eqs. (C4) and (C5) are rewrit-
ten in terms of as follows:∑
Γj
n˜ev− (Γj)|λ=0
=
1
2
∑
Γj
NΓj |λ=0 +
∑
Γj
nodd− (0,Γj)− nodd− (pi,Γj)
2
(C6)
≡1
2
∑
Γj
nodd− (Γj)− ν1 (mod 2). (C7)
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FIG. 14. (Color online) Conceptual figures of a stacking of
L1 layers of Chern insulators with (a) odd L1 and (b) even
L1. Gray planes mean Chern insulator layers stacked along
the x1-direction. In (a), the inversion center is within one of
the Chern insulator layer. In (b), the inversion center is in
between the two layers. (c) An example of inversion parities
of the Chern insulator layer. (d,e) The inversion parities of
the stacked Chern insulators with (d) odd L1 and (e) even
L1. The difference of the parities comes from the difference
of the inversion center.
From Eqs. (19) and (C7), we have the following relation:∑
Γj
n˜ev− (Γj)|λ=0 ≡
∑
Γj
n˜odd− (Γj)|λ=0 − ν1 (mod 2),
(C8)
(Chern)even|λ=0 ≡ (Chern)odd|λ=0 − ν1 (mod 2).
(C9)
Therefore, if ν1 6= 0, the Chern number of the open 2D
system depends on the even-oddness of L1.
Here, we give an illustrative example, in order to show
that the L1 dependence of the Chern number is physically
reasonable. Let us consider a system formed by stacking
2D Chern insulators with Chern number +1. We as-
sume that the stacking direction is the x1 direction. In
Fig. 14, we illustrate the stacked Chern insulators with
(a) an odd number of layers and (b) an even number of
layers. For simplicity, we assume the inter-layer hopping
term to be 0. Then the 2D Chern number of the system
perpendicular to x1-axis is simply calculated as a sum of
the Chern number of each layer, and therefore it is equal
to the thickness of the layer L1. In this case, obviously,
the Chern number (mod 2) is equal to L1 in accordance
with Eq. (C9)
Next, we additionally assume that the Chern insulator
preserves inversion symmetry. Then, we can calculate
the Chern number (mod 2) from the knowledge of the
bulk inversion parity, via Eq. (19) or Eq. (C5). As an
example, we consider the case that the parity eigenval-
ues of the Chern insulator are as shown in Fig. 14(c),
i.e. n−(Γ) = 1 and n−(Γj) = 0 (Γj = Y , Z, T ). When
we stack the Chern insulator with no inter-layer hopping,
the bulk parity of the stacked 3D system at TRIM are
directly calculated from the 2D bulk parity of the Chern
insulator layer. The results depend on the even-oddness
of the number of layers L1, and shown in Fig. 14(d,e).
The L1 dependence comes from the difference of the in-
version center as shown in Fig. 14(a,b). From Eq. (19)
and Eq. (C5), the Chern number (mod 2) of the open
system is calculated as (Chern)odd|λ=0 ≡ 1 (mod 2) and
(Chern)even|λ=0 ≡ 2 ≡ 0 (mod 2), respectively. These re-
sults are consistent with the fact that the Chern number
is equal to L1.
Appendix D: Boundary term
In the main text, we only consider the simple open
boundary condition. Here, we show that our results can
also be applied to cases with other boundary conditions.
We consider the boundary term defined as follows:
HS =

HA
0
. . .
0
HB

=
lA∑
x,x′=0
HAx,x′ |x〉〈x′|
+
lB∑
x,x′=0
HBL−x,L−x′ |L− x〉〈L− x′|, (D1)
where lA, lB are small finite integers compared with the
system size L. HAx,x′ andHBL−x,L−x′ are N0×N0 matrices
which represent the change of the boundary condition.
We assume that the boundary term does not break the
inversion symmetry: PHSP† = HS . We add this term
to the Hamiltonian with the simple boundary condition
defined in Eq. (A1): Hbasic(λ) def= H(λ). Then the Hamil-
tonian with the general boundary condition Hgeneral(λ)
is defined as follows:
Hgeneral(λ) = Hbasic(λ) + (1− λ2)HS . (D2)
The additional term is added with a factor 1−λ2 in order
to guarantee that it vanishes at λ = ±1. In this section,
we show that the additional term (1 − λ2)HS does not
change the results in the previous sections.
First, the Hamiltonian Hgeneral(λ) at λ = ±1 are com-
pletely the same with Hbasic(λ). Therefore, Eq. (A5)
holds even when H(λ) is replaced by Hgeneral(λ). Next,
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we show that UxHSU†x is well-approximated by HS :
UxHSU†x
=
lA∑
x,x′=0
HAx,x′e
ipi
L (x−x′)|x〉〈x′|
+
lB∑
x,x′=0
HBL−x,L−x′e−
ipi
L (x−x′)|L− x〉〈L− x′|
' HS (L→∞). (D3)
Here, we used the fact that e
ipi
L (x−x′) → 1 (L → ∞),
since |x − x′| ≤ lA, lB holds. From Eqs. (A3) and (D3),
we obtain the following relation:
UxHgeneral(λ)U†x
= UxHbasic(λ)U†x + (1− λ2)UxHSU†x
' Hbasic(−λ) + (1− (−λ)2)HS
= Hgeneral(−λ). (D4)
By comparing Eq. (A8) and Eq. (D4), we can see that
Eq. (A8) hold even when H(λ) is replaced by Hgeneral(λ).
Combining the above two results, we conclude that
our calculation holds true even when H(λ) is replaced by
Hgeneral(λ).
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